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Abstract 
Like most things in life one gets out what one puts in and this is no truer than in modern instrumental particle size distribution 
techniques.  The mantra of ‘garbage in = garbage out’ is meant to convey that the apparently complicated laser diffraction, 
dynamic light scattering, and electron microscopy techniques measure faithfully what they are given, but what they are given 
may not be representative of the entire product or material on which significant economic decisions will be made.  Tiny samples 
down to pg in size on electron microscopes are somehow meant to be able to generate information on what may be many tonnes 
of heterogeneous sample. The bad news is that distribution and heterogeneity imply that statistical methods must be employed in 
order to obtain accurate and reproducible information. The good news is that representative sampling is amenable to simple 
statistical evaluation and 2 major predictions can be made: 
•   Based on a required or specified precision or standard error (SE), the point at the top end of the distribution to be specified to 
this degree of precision, and the density of the sample, then a simple prediction of the minimum mass, required to meet this 
required level of precision, can be calculated 
•   Similarly, if the mass utilized in the particle size distribution determination is known and the point in the distribution to be 
specified (plus the density of the sample again), then we can calculate a theoretical best achievable precision based solely on the 
heterogeneity of the sample 
This paper will illustrate the 2 points above with practical examples.  
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1. Introduction 
Brian Scarlett often stated, based on similar earlier comments by Kurt Leschonski [1] and Harold Heywood [2], 
that sieving/screening was the Cinderella of particle size analysis – it does the dirtiest work and attracts little 
attention.  The same statement rings true for representative sampling. 
The history of sampling theory is an interesting one.  Key names in the development of sampling theory are 
Vezin [3], Reed [4, 5], Brunton [6 - 8], Richards [9], Gy [10 - 12], and Pitard [13].  Henry Vezin basically got 
sampling right in the 1860’s, both from theoretical (as we will demonstrate below) and practical aspects (the Vezin 
sampler), but Robert Richards (an MIT Professor) basically conceived that the (correctly calculated) sample masses 
were too great for practical usage and it was left to the 1950’s for Pierre Gy to begin to retrieve the statistical 
situation.  However, all authors recognized that it was the small numbers of large particles that governed the 
minimum mass of sample required for a particular or specified standard error in the analysis. 
Most sampling theories are concerned with the extraction of valuable metals such as gold and silver from lean 
ores.  In 1921, the Department of the Interior, Bureau of Mines produced a useful document called “Bibliography of 
Literature on Sampling” [21] dealing with literature prior to that date.  (“Father”) Flanagan gives a good summary of 
the history of sampling [14] in 1986 (except that he delays the contribution of Gy to 1967 when Gy’s first papers 
began appearing in the mid-1950’s) dealing with the history to 1979 or so, and states that there are 3 major questions 
that sampling theories deal with: 
(1) Calculate the error that might be incurred, given a specified weight of sample 
(2) Specify the amount of sample to be taken to keep sampling errors at or below some level 
(3) Specify the grain size to which a sample must be crushed so that significant sampling errors may be avoided 
He further states “Calculations by most methods should show that errors due to sampling heterogeneous materials 
may be ignored if the material is powdered to pass a 200# (75Pm) sieve or, for Kleeman [15], a 230# (63Pm) sieve.”   
2. First principles 
In 1885, Reed’s paper [5] indicated one of the first formulae in sampling theory and described sampling masses 
in terms of the cocoanut (!) – rendered as coconut in Flanagan [14], fist, orange, egg, walnut, chestnut, pea, and 
wheat.  While these appear to be units of volume, rather than mass, they are not helpful for practical purposes and a 
more scientific basis is required.   
Moving onto 1908/1909, an important table is shown in in Richards’ Ore Dressing Volume 2, page 850, [9].  This 
Table and ancillary commentary are displayed below: 
 
Table 1: Extract from R Richards Ore Dressing Volume 2 page 850 2nd Edition, McGraw-Hill, (1909) 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
There are a number of questions relating to the genesis and last line conclusion of this table but we will concern 
ourselves with the questions of how did this table arise and what was the basis for the calculations? 
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In statistical texts, [16 – 18], the term ‘standard error’ (S.E.) is used when referring to the estimation of the ‘true’ 
value when samples are taken from a population.  The standard error is the estimate of the true mean based on the 
actual samples we take - it's a measure of the degree of confidence in the measured as opposed to the true/real – 
invariably unknown – mean.  The standard error, V, is inversely proportional to the square root of the number of 
particles: 
V D 1/Ĝn   or,   n D 1/V2 
For 1% S.E. (V = 0.01), then n = 1/(0.01)2 = 10000.  Thus 10000 particles total will be needed to specify the 
mean to 1% S.E.  In a similar manner, if any other point in the distribution is required to 1% S.E., then 10000 
particles need to be above the appropriate size band and this will define the minimum mass of sample for statistical 
validity.  A spreadsheet is easily constructed noting that (for example) if the x99 is required to 1% S.E., then the 
10000 required particles will be in 1/100 (‘g’, or the granulometric factor - see later) of the total mass of the sample.  
It is convenient to work in c.g.s. units (the density thus in g/cm3) and all particle sizes will be in cm.  We will take a 
particle density close to that of quartz (2.6 g/cm3): 
 
Table 2: This table indicates the minimum mass of material needed to specify the x99 point to a standard error of 1% 
when the x99 point is at x Pm and the density of material is 2.6 g/cm3 
x (Pm) x (cm) S/6 U (g/cm3) Mass in top fraction (g) Total Mass (g) (= 100*Last Column)
1 0.0001 0.523599 2.6 0.000000014 1.36136E-06
10 0.001 0.523599 2.6 0.000014 0.00136 ~ 1 mg
100 0.01 0.523599 2.6 0.014 1.36 ~ 1 g
1000 0.1 0.523599 2.6 13.614 1361 ~ 1 kg
10000 1 0.523599 2.6 13613.568 1361357 ~ 1000 kg
Mass of 10000 spheres 1% of particles in top size band (x99)  
 
Given that many instrumental techniques take around 1 – 2 g of sample then the statement by Flanagan [14] that  
“Calculations by most methods should show that errors due to sampling heterogeneous materials may be ignored if 
the material is powdered to pass a 200# (75 Pm) sieve or, for Kleeman (1967), a 230# (63 Pm) sieve” can be seen to 
be a reasonable rule-of-thumb.  It can also be seen that if the minimum mass is not taken (even if the sampling is 
undertaken with a rotary divider) then the required 1% precision of the measurements of the required point in the 
distribution cannot be met.  The heterogeneity of the distribution simply does not allow this. 
The above selection in the table was not accidental.  Let us compare the points in the distribution that can be 
compared to the table given in Richards earlier [9] and attributed to Vezin: 
 
Table 3: Comparison between the calculated Rawle and Vezin (quoted in Richards’ Ore Dressing) minimum masses 
for 1% standard error on the x99 point of the particle size distribution 
x99 1% SE (99% confidence limits) density = 2.6 g/cm3
Needs 10000 particles and this represents 1% of the total mass of the system
x (Pm) x/10000 x^3 Density (g/cm3) 10000*100*(S/6) Minimum Mass (g) Vezin (1865/1866) Vezin/Rawle
1 0.0001 1E-12 2.6 523598.7756 0.000001
10 0.001 1E-09 2.6 523598.7756 0.001361
100 0.01 0.000001 2.6 523598.7756 1.36
125 0.0125 1.9531E-06 2.6 523598.7756 2.66 2.92 1.10
200 0.02 0.000008 2.6 523598.7756 10.89
250 0.025 1.5625E-05 2.6 523598.7756 21.27 23.3 1.10
500 0.05 0.000125 2.6 523598.7756 170.2 186.7 1.10
1000 0.1 0.001 2.6 523598.7756 1361.4 1493 1.10
1500 0.15 0.003375 2.6 523598.7756 4595
2000 0.2 0.008 2.6 523598.7756 10891 11950 1.10
4000 0.4 0.064 2.6 523598.7756 87127 95570 1.10
5000 0.5 0.125 2.6 523598.7756 170170
8000 0.8 0.512 2.6 523598.7756 697015 764600 1.10
10000 1 1 2.6 523598.7756 1361357
Vezin referenced in Richards' Ore Dressing
Volume II Page 850  
 
This comparison may tell us that the fundamental derivation, thought processes, and theses of Rawle and Vezin 
were similar but there are still a couple of puzzling differences.  We first note that the sample proportion multiplier 
of 100 (the > x99 representing 1% of the sample mass) is not strictly true.  Careful statistical considerations will 
show that the correct proportion (‘granulometric factor’, g) comes from an expansion of: 
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g = [(1 – aL)2]/aL = [1 – 2aL + (aL)2]/aL where aL = mass fraction of the analyte 
When aL is small (e.g. 0.05), then the term (aL)2 can be eliminated leaving us with (1 – 2aL)/aL or: 
g = [(1/aL) – 2] 
Thus the appropriate multiplier for x99 is calculated as [1/0.01] – 2 or 98.  For x95 the appropriate multiplier is 
[1/0.05] – 2 or 18 and for x90 the appropriate multiplier is 8.  This statistical modification actually reduces slightly 
the required minimum sample mass in contradiction to the stated Vezin values that lie exactly 10% above those of 
Rawle. Even a density difference does not seem sensible as Vezin would have had to have taken 2.86 g/cm3 perhaps 
indicative of the gangue minerals in the Colorado gold and silver mines, but this may be stretching things somewhat. 
However, the overall multiplier term of 18 for the x95 point in the distribution is well established in sampling 
literature.  The x95 is an established point in mining literature (contrast that with the D80 of Bond’s Work Index). 
Indeed Dominique François-Bongarçon [19] states that “5 percent reject size, or P95 (for 95 percent passing) has 
long ago become a standard for fragment sizing in most mining companies” 
Stepping back somewhat we note the general form of the Rawle equation to be: 
MS = g U (S/6) d3/σ2 
where the assumption is of spheres and variances (V2).  The corresponding Gy formula [20] is: 
 
 
Figure 1 Extract from Gy text [20] 
 
Rearranging and with a couple of assumptions (for example that the sample mass is small in relation to the total 
mass of material that we are sampling from leads to the basic Gy sampling formula: 
Ms = gUfd3/V2 where f is a shape or form factor (1 for cubes; S/6 for spheres) 
We note that fd3 is, of course, the volume of the particle.  The complete formula for mining utilizes 2 more constants 
- c (mineralogical factor) and l (liberation factor) - representing the grade of ore and the extent to which it can be 
recovered.  These 2 factors are not required in particle size analysis calculations and thus simplify matters 
considerably – much of the (mining) debate on Gy statistics revolves around the interpretation of the c and l terms. 
Thus we see that the S.E. of basic statistics is identical to the Fundamental Sampling Error (FSE) of Gy. 
The power of this basic formula is seen when it is used ‘in reverse’.  We can imagine various scenarios where 
different masses of material are used to (attempt to) find high end points in the distribution (typically > x95).  So, if 
we know: 
x The point in the distribution that we wish to specify 
x The density of the material 
x The amount of sample used in the experiment 
then we can construct a table with various sample masses being used to calculate the best FSE.  We take the 
example of the best achievable precision on the x99 point in the distribution with sample sizes of 0.1, 1, and 10 g 
with various top end sizes from 1 – 2000 Pm, with a density of 2.6g/cm3.  The calculation is as follows: 
 
Table 4: Calculated standard errors for different x99 points in the distribution when different sample masses are taken 
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x (Pm) U (g/cm3) Mass used (g) Mass  of 1 particle (g) No. particles Calculated SE (%)
1 2.6 0.1 1.36136E-12 734561276 0.004
1 2.6 1 1.36136E-12 7345612758 0.0012
1 2.6 10 1.36136E-12 73456127581 0.00037
20 2.6 0.1 1.08909E-08 91820 0.33
20 2.6 1 1.08909E-08 918202 0.10
20 2.6 10 1.08909E-08 9182016 0.033
50 2.6 0.1 1.7017E-07 5876 1.30
50 2.6 1 1.7017E-07 58765 0.41
50 2.6 10 1.7017E-07 587649 0.13
100 2.6 0.1 1.36136E-06 735 3.69
100 2.6 1 1.36136E-06 7346 1.17
100 2.6 10 1.36136E-06 73456 0.37
200 2.6 0.1 1.08909E-05 92 10.4
200 2.6 1 1.08909E-05 918 3.30
200 2.6 10 1.08909E-05 9182 1.04
(S/6)*d3*U In 1/100 of the total mass 1/√n
d in cm
Note: we improve the SE by a factor of 10 by 100 times the number of particles  
 
x (Pm) Ug/cm3 Mass used (g) Mass  of 1 particle (g) No. particles Calculated SE (%)
500 2.6 0.1 0.00017017 6 41.3
500 2.6 1 0.00017017 59 13.0
500 2.6 10 0.00017017 588 4.1
1000 2.6 0.1 0.001361357 0.7 116.7
1000 2.6 1 0.001361357 7 36.9
1000 2.6 10 0.001361357 73 11.7
1500 2.6 0.1 0.004594579 0.2 214.3
1500 2.6 1 0.004594579 2 67.8
1500 2.6 10 0.004594579 22 21.4
2000 2.6 0.1 0.010890855 0.09 330.0
2000 2.6 1 0.010890855 0.9 104.4
2000 2.6 10 0.010890855 9 33.0  
 
Now the scenario where only 20 mg (0.020 g) is used: 
 
Table 5: Calculated standard errors for different x99 points in the distribution when 20 mg sample masses are taken 
 
x (Pm) U (g/cm3) Mass used (g) Mass  of 1 particle (g) No. particles Calculated SE (%)
1 2.6 0.02 1.36136E-12 146912255 0.008
20 2.6 0.02 1.08909E-08 18364 0.74
50 2.6 0.02 1.7017E-07 1175 2.92
100 2.6 0.02 1.36136E-06 147 8.25
200 2.6 0.02 1.08909E-05 18 23.3
500 2.6 0.02 0.00017017 1 92.2
1000 2.6 0.02 0.001361357 0.1 261
1500 2.6 0.02 0.004594579 0.04 479
2000 2.6 0.02 0.010890855 0.02 738  
 
It is important to note at this stage that these FSE calculations represent the best possible minimum errors based 
solely on the heterogeneity of the particle size distribution and the utilized sample mass.  All other errors or 
variables add to this minimum possible error – these other errors include segregation, delimitation, and analytical 
(usually the lowest by an order of magnitude or 2).  
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3. Discussion 
It is clear that instruments measure what is presented to the analysis volume.  What seems less clear among 
typical users is that the smaller the sample size used for a polydisperse distribution, then the larger the variation will 
be  sample-to-sample based solely on the heterogeneity of the sample.   The fact that we have a distribution implies 
that we must have a range of appropriate and statistically valid answers.   The killer word in particle size distribution 
from a statistical perspective is the last one - distribution.  Typical users believe that any sample extracted from a 
bulk should provide the same result to any analyzer.  This is clearly not the case.  The good news is that increasing 
the sample mass will decrease this fundamental sampling error.  The problem is that many users then will claim that 
they can only spare a small amount of material for analytical purposes. Thus the least we expect users to be able to 
do is to be able to perform a ball-park calculation as to whether mg, g, kg, or tonnes of material are needed for a 
proscribed or specified standard error.  In typical terms as the sampling error is typically 2 orders of magnitide larger 
than any analytical error for materials > 75 Pm or so, then we should be spending 2 orders of magnitiude more on 
representative sampling than we do on the analytical equipment performing the metrological analyses. 
We ask that users of equipment consider these 4 questions (“the 4Q’s”) as the answers to 3 or all of these questions 
determine the requisite sample masses and the other answer gives the route to the type of analysis (high or low 
energy dispersion): 
x What is the AQL (acceptable quality level) of the organization?  Or, alternatively, what is the required or 
desired standard error (SE) in the measurement?  This relates to any specification that is or will be set.  
This is defined by the end user 
x Is a bulk size (‘as is’/with agglomerates) required or is a dispersed (primary) size desired?  This is the 
answer to the question “What is the purpose of taking the measurement?  The answer governs the energy 
that will be required in the measurement and is related to the end use of the material and the fitness of 
purpose thereof.  Detection of small numbers of agglomerates or larger material in a sample is a notorious 
statistical sampling issue.  This is defined by the end user 
x What is the top end (largest size) and the polydispersity (width/spread) of the particle size distribution and 
the density of the material?  This is set by the material and its mode of manufacture 
x What is the mass of sample utilized in the particle size experiment?  This is set by the accessory utilized or 
purchased by the user and the amount of sample added.  The end use is in control of this parameter and can 
calculate the best possible FSE 
4. Conclusion 
Measurements can be no better than ‘garbage in = garbage out’ unless representative sampling is given the 
highest priority.  Brian Scarlett and others recognized this many years ago, but this basic concept appears to be 
ignored or unknown among standard users.  The statistics are surprisingly easy to calculate – the answers though are 
often disregarded or ignored or the realization comes too late when the FDA issues the 483…. 
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